Abstract: We present a new way of deriving gauge transformations in nonlinear relativistic perturbation theory. The main ingredient in this formulation is the use of the Baker-Campbell-Hausdorff formula. The associated formal machinery allows us to generalize one-parameter perturbation theory to an arbitrary number of parameters, and to prove the main results concerning the consistency of the scheme to any order in the perturbations. Gauge transformations at any required order can then be directly derived from a generating exponential formula via a simple Taylor expansion. We outline the relation between our novel formulation and previous results.
Introduction
In the theory of spacetime perturbations [1, 2, 3, 4, 5] (see [6, 7, 8] for an introduction), one usually deals with a family of spacetime models which, in most cases, depends on a single parameter: M λ = (M, {T λ }), where M is a manifold that accounts for the topological and differential properties of spacetime, and {T λ } is a set of fields on M, representing its geometrical and physical content. The numerical parameter λ that labels the various members of the family gives an indication of the "size" of the perturbations, regarded as deviations of M λ from a background model M 0 . It can either be a formal parameter, as in cosmology [3, 9, 10] or in back-reaction problems (see e.g. [11] ), or in the study of quasi-normal modes of stars and black holes [12, 13] , or can have a specific physical meaning, as in the study of binary black hole mergers via the close limit approximation, or in the study of quasi-normal mode excitation by a physical source (see [14] and [13, 15] , and references therein). The mathematical structure of non-linear relativistic perturbation theory depending on a single parameter was studied in [3, 4] , where it was found that the Taylor expansion in λ of a general non-linear gauge transformation can be expressed in terms of Lie derivatives with respect to a set of vector fields. These, order by order, constitute the generators of the transformation. A closed formula for this expansion, valid at all orders, was found in [4] , using a new object dubbed knight diffeomorphism, first defined in [3] . The analysis in [3, 4, 16] gives also the conditions for gauge invariance at any given order, and provides the framework for the construction of gauge-invariant formalisms [17] .
In some physical applications it may however be convenient to have a perturbation formalism based on two [5] or more parameters. The study of perturbations of stationary axisymmetric rotating stars (see [18] and references therein) using a spherical background is a good example (see [5] and references therein for a discussion). In multi-parameter perturbation theory the family of spacetime models considered, M λ = (M, {T λ }), depends on N parameters λ = (λ 1 , . . . , λ N ). The mathematical structure of gauge transformations in twoparameter non-linear relativistic perturbation theory and the conditions for gauge invariance have been first considered in [5] . In this work, we expressed the action of a general gauge transformation on tensorial quantities in terms of Lie derivatives with respect to a set of vector fields. These expressions were derived up to fourth order in the parameters by imposing, order by order, consistency conditions. A related analysis has been given in [19] , and an application of the two-parameter formalism to gravitating strings has been considered in [20] .
In the present article we develop a novel approach to non-linear gauge transformations with the following advantages: (i) it deals with an arbitrary number of parameters; (ii) it provides a closed formula for the action of a general gauge transformation, valid to any order; (iii) the constructions and derivations involved are simpler than the ones in previous works [4, 3, 5] . In particular, the derivation of formulas of practical interest is more straightforward.
This new approach is based on the introduction and application of new tools, in particular the Baker-Campbell-Hausdorff (BCH) formula [21, 22] , to the construction of the transformation between two given N-parameter groups of diffeomorphisms representing two gauges in N-parameter perturbation theory.
The paper is organized as follows. In section 2 we introduce the main concepts needed to formulate relativistic non-linear perturbation theory for perturbations depending on N parameters. In section 3 we develop the formalism and derive the main results of this paper. In section 4 we consider the application of our approach to the N= 1 case, which we refer to as standard perturbation theory, comparing our results with the knight diffeomorphism approach to non-linear perturbation theory introduced in [3, 4] . In section 5 we draw our conclusions. This paper is self-contained; however we keep the discussion minimal, and therefore we refer the reader to [3, 4, 16, 9, 5] for more extensive presentations of the ideas behind our approach.
Basic Concepts for Formulating Perturbation Theory
The basic assumption for the construction of a multi-parameter relativistic perturbation formalism is the existence of a multi-parameter family of spacetime models M λ = (M, {T λ }), where M denotes the spacetime manifold and {T λ } is a set of fields on M, describing their geometrical and physical content, which we assume to be analytic. These spacetime models are labeled by a set of N parameters λ = (λ 1 , . . . , λ N ) that control the strength of the perturbations with respect to the background spacetime model M 0 , which describes an idealized situation.
The aim of perturbation theory is to construct a physical spacetime model M λ as a deviation from the background model M 0 . To this end we need to establish a correspondence between them; in the context of relativistic perturbation theory this is called a gauge choice. This correspondence is established, for all λ, through the action of a diffeomorphism of M:
N } is chosen in such a way they constitute an N-parameter group of diffeomorphisms of M:
The identity element corresponds to λ = 0, i.e. ϕ 0 (p) = p. Moreover, a consistent perturbation scheme should have the property that perturbing first with respect to a given parameter, say λ P , and afterwards with respect to another parameter, say λ Q , must be equivalent to the converse operation. We can implement this idea by imposing the following composition rule for the group G[ϕ]:
This property implies that the group is Abelian. It also implies that we can decompose ϕ λ into N one-parameter groups of diffeomorphisms (flows) that remain implicitly defined by the equalities
where the equalities extend until covering the N! possible combinations of flows. The action of the flow ϕ (0,...,λM,...,0) is generated by a vector field, ζ M (M= 1, . . . ,N), acting on the tangent space of M, and the Lie derivative of a generic tensor field T with respect to ζ M is given by
where the superscript * denotes the pull-back. Since the group is Abelian, the vector fields ζ M (M= 1, . . . ,N) commute
The Taylor expansion around λ = 0 of the pull-back associated with the flow ϕ (0,...,λM,...,0) , when applied to an arbitrary tensorial quantity T is given by
This expression can be written in a more compact way by using the exponential formal notation:
The main advantage of this notation is that it provides a clear operational way for working with groups of diffeomorphisms. From expressions (6) and (3) we can derive the Taylor expansion of the N-parameter group of pull-backs ϕ * λ T :
Using the exponential notation and the commutation relations (5) we can write it as follows:
In a given gauge ϕ, the perturbation of an arbitrary tensorial quantity T is defined as ∆T
The first term on the right-hand side of (10) can be Taylor-expanded around λ = 0 using (8) to get
where k = (k 1 , . . . , k N ) and
which defines the perturbation of order (k 1 , . . . , k N ) of T (δ 0 ϕ T := T 0 ). The total order of a perturbation can be defined as n T := k 1 + · · · + k N . From these definitions we have that ∆T ϕ λ and δ k ϕ T are fields that belong to the background spacetime model M 0 .
Gauge Transformations in N-Parameter Perturbation Theory
Let us consider two different gauges ϕ and ψ, with generators (
respectively. For all λ, the objects defined in these two gauges can be related by a diffeomorphism Φ λ : M → M given by
This is what is called a gauge transformation in perturbation theory. The family of all the possible gauge transformations for two given gauges ϕ and ψ
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is not in general a group of diffeomorphisms. The action of the gauge transformation Φ λ can be written using the formal exponential notation introduced above. For any tensorial quantity T we can write
Group theory tells us that the expression in the last equality can be written as the action of a single exponential operator on the tensorial quantity T . This can be done explicitly by using the BCH formula [21, 22] , which can be applied to any two linear operators A and B. This formula can be expressed in the following way:
where
where the following notation has been used:
Then, the BCH formula can be seen as an expansion in commutators of the initial operators A and B. The different terms that appear in this expansion can be characterized by the number of commutators that they contain. Up to two commutators the result is
It is clear that this infinite expansion can be truncated and becomes finite when some commutators vanish. For instance, if [[A, B], A] = [[A, B]
, B] = 0, then the BCH formula only contains the three first terms shown in (19) . The application of the BCH formula (16, 17) to the construction of the gauge transformation Φ λ given in (15) constitutes the main point in the approach of this paper. The reason is that it will provide an operational apparatus to compute all the perturbation orders as well as expressions for the vector fields that describe the transformation between different gauges. This supposes an important advantage with respect to the approach considered in [5] to two-parameter nonlinear perturbation theory. The formalism presented there is based on a construction order by order. This fact was due to the lack of an extension, to the two-parameter case, of the knight diffeomorphism approach of [3, 4] . Therefore, to get close expressions to every order in the two-parameter case was not possible within the approach of [5] . On the other hand, although the knight diffeomorphism approach to one-parameter non-linear perturbation theory provides close expressions to every order, it has the disadvantage that requires to prove, by induction [4] , that the generators of the gauge transformation are true vector fields. Here, we are going to show how to use of the BCH formula in order to have, at the same time, closed expressions to every order, and generators of the gauge transformation that are vector fields by construction.
In order to apply the BCH formula to the equation (15) for the gauge transformation we have to choose the linear operators A and B in (16, 17) as follows:
Since A and B are linear in the parameters, the number of commutators in a given term in the expansion of f (A, B) coincides with the total perturbation order n T . Moreover, the BCH formula confirms the fact that in general the gauge transformations {Φ λ | λ ∈ IR N } do not form a finite group of diffeomorphisms. Only in the very particular case when [A, B] = 0 they form an N-parameter group with generators {
Using the properties of Lie derivatives we can then express the gauge transformation Φ λ in the following way:
This can be rewritten as:
where £ ξ0 denotes the identity operator I. The rest of terms in the argument of the exponential (22) are Lie derivatives. This is a consequence of the fact that A and B are linear combinations of Lie derivatives (20) and that the functional f (A, B) is a linear combination of A, B, and commutators formed out of A and B (19). Then, this introduces an infinite set of vector fields {ξ k | k ∈ IN N − {0} }. By direct comparison of (19, 20) and (22) we can find the explicit expressions of these vector fields ξ k only in terms of the generators of the gauges ϕ and ψ.
We can then derive an expression for the gauge transformation up to a given order in the perturbation parameters by simply expanding the exponential (22) . For instance, up to third total order we have:
where we have used the notation: k P = ( 
Using (10) and (11) we have that
Substituting (23) and (25) in (24), and comparing order by order in λ, one finds the expression of the various δ k ψ T in terms of Lie derivatives of the δ k ϕ T 's. For example, in the case of N= 2 and k = (1, 1), following the procedure described above one finds
Standard Perturbation Theory: the N= 1 Case
In this section we show how to recover standard one-parameter perturbation theory, the N= 1 case, using the approach previously introduced. The aim is to compare with previous approaches, in particular, with the knight diffeomorphism approach introduced in [3, 4] . In one-parameter perturbation theory, a gauge choice is a one-parameter group of diffeomorphisms. Let us consider two gauge choices ϕ and ψ. For a given value of the parameter λ, the action of the pull-backs associated with ϕ λ and ψ λ can be written in the exponential notation as: ϕ * λ T = e λ£ϕ ζ T , and ψ * λ T = e λ£ ψ ζ T , where T is an arbitrary tensor field. A gauge transformation between these two gauges is then described by Φ λ = ϕ −1 λ • ψ λ . Using the exponential notation as in (7), its action on T is given by
In this case the result of applying the BCH formula can be written as
where {ξ n | n ∈ IN − {0}} is a set of vector fields that generate Φ, and which can be expressed in terms of the generators of the gauges ϕ and ψ, ϕ ζ and ψ ζ respectively. From (19) the three first generators are: The expansion of (28) up to third order [the N = 1 subcase of (23)] is
The construction of the gauge transformation provided by this approach is not the same as the one carried out in [3, 4] , where the tool used was the so-called knight diffeomorphism. The main idea behind this concept is that a family of diffeomorphisms {Φ λ | λ ∈ IR} can be approximated at a given order in λ, say k, by a knight diffeomorphism of order k. The definition of such an object is [3, 4] :
where the φ (n) are one-parameter groups of diffeomorphisms (flows). Therefore
λ in the following sense [4] :
The pull-back of Φ (k) λ applied to an arbitrary tensor field T can be expressed, using the exponential notation, as
where {χ n } n=1,...,k is the set of vector fields that generate the family Φ (k) , and individually, each χ n is the generator of the flow φ (n) . Like the vector fields ξ n , these vector fields can be also expressed in terms of the generators of the gauges, ϕ ζ and ψ ζ. Doing this we find that the expressions for the vector fields ξ n and χ n in terms of ϕ ζ and ψ ζ do not coincide in general, although they do at the first two orders. Actually, we can find the relationship between them order by order. Up to third order they are:
Therefore, the expansion for Φ * λ T that we obtain from the expansion of Φ (k) * λ T is (up to third order):
which is the result in [3, 4] . If we compare the expansions (30) and (35) we see they have different structures. More specifically, from the construction (28), in (30) we have terms of the form
whereas this never occurs in the constructions of [3, 5] as one can already see in the expansion (35), where there is a clear order in the appearance of the operators £ χn .
Remarks and Conclusions
Perturbation theory in general relativity and other spacetime theories remains the main alternative to fully numerical methods in a context in which one has to deal with sets of non-linear field equations. Depending on the physical problem at hand, it is sometimes useful to go beyond simple linear perturbations, considering higher order contributions as well as a multi-parameter model. In the context of relativistic perturbation theory the issue of relating formalisms obtained in different gauges and the related problem of constructing gauge invariant formulations has always been crucial to obtain physically transparent results [1, 16] . The problem of gauge transformations and gauge invariance becomes considerably more complicated in dealing with non-linear perturbations [3, 4, 16] and in the case of multi-parameter perturbation theory [5] (see also [19] ).
In this paper we have found a new very compact derivation of non-linear gauge transformations in the general case of multi-parameter perturbation theory, shedding light onto the underlying mathematical structure. Starting from an exponential notation for each gauge choice (essentially an N-parameter group of diffeomorphisms) we have used the BCH formula to compose these groups and derive the Taylor expansion that leads to the formulas of practical interest, i.e. those providing the gauge transformations and the conditions for gauge invariance at each perturbation order. Finally, we have outlined how the new results presented here are related to those found in previous papers [3, 4, 5] .
